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What is Gaussian Ensembles?

@ We now produce a N x N matrix H whose entries are independently
sampled from a Gaussian probability density function with mean 0
and variance 1. To get real eigenvalues, the first thing to do is to
symmetrize our matrix. Recall that a real symmetric matrix has N
real eigenvalues.

Definition

Symmetrizing Hs = H+2HT, then the eigenvalues of H; is real. We call H; is
a sample of Gaussian Orthogonal Ensembles(GOE).

Similarly, we can make the entries complex or quaternionic instead of real,
then we get the Gaussian Unitary Ensembles(GUE) and Gaussian

Symplectic Ensembles(GSE), respectively.
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Layman'’s Classification

Why Gaussian ensembles are important?

@ The universe we are working on

real symmetric
X = ¢ complex hermitian

quaternion self-dual

o Independent entries: the first group on the left gathers matrix
models whose entries are independent random variables - modulo the
symmetry requirements. Random matrices of this kind are usually
called Wigner matrices

o Rotational invariance: the second group on the right is
characterized by the so-called rotational invariance. In essence, this
property means that any two matrices that are related via a similarity

transformation H' £ UHU-1,
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Layman'’s Classification

Why Gaussian ensembles are important?

Independent Rotational
Entries invariance

plH] o 1—[71\;1 filHii) 1 <5 fiy (Hig) p[H]) = plUHU ]

Figure: Layman's classification
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Layman'’s Classification

Why Gaussian ensembles are important?

Proposition(The orthogonal invariance of GOE)

Let Hy be a random matrix drawn from GOE and YU € O(n), then the
UHnUL is also a sample from GOE.

| A\

Proof.
i T - —1 —1T
Since Hy = H+2H , then we can get UHyU! = M So we

only need to prove

UHU '~ He UH~ H
= UH*l ~ H*l

.where the H,; is the first column of H. It is easy to see that the entries of
UH,1 are independent A (0, 1) variables. O

v
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Wigner's Surmise

Consider a 2 x 2 GOE matrix Hs = (§1 §3> , with X1, Xo ~ N(0,1)
3 2

and X3 ~ N(0,1/2). What is the pdf p(s) of the spacing S= Xy — \;
between its two eigenvalues (A2 > A1)?

Proof.

The two eigenvalues are random variables, given in terms of the entries by
the roots of the characteristic polynomial

A2 — Tr(Hs)\ + det(Hs)

_ 2
therefore )\ 5 = 2=V X1—%) e \/(xl — X2 + 42
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Wigner's Surmise

It is easy to see that X; — X3,2X3 iid ~ N(0, 2), Changing variables as

X1 — Xo = Rcos©
2X3 = Rsin©
Ox1—Xo  Ox1—X»

9 a0
82;’(3 82X3
or a0

and computing the corresponding Jacobian J = =r, one

obtains

RN

. r
fro(r,0) = f(xlfx2),zx3(rc059, rsinf)|J| = Ee

since S=R, thus

27 27
S £ s &
f< = f< theta) = —e & = —¢e 4[]
s(s) /0 5.0(s, theta) /0 1€ F =5 ¢
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Wigner's Surmise

We often rescale this pdf and define ?(5) =E(S)f(E(S)s), such that
Jo° s f(s) = 1. For the GOE as above, f(s) = % exp(—ms?/4), which is
called "Wigner's surmise”, whose plot is shown below.

08

06~

02

Figure: Wigner's surmise
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Wigner Hermitian matrix ensemble

Definition

A Wigner Hermitian matrix ensemble is a random matrix ensemble

M, = (mjj)1<ij<n of Hermitian matrices (thus mj;; = mj; this includes real
symmetric matrices as an important special case), in which the
upper-triangular entries mj;, i > j are iid complex random variables with
E(mjj) = 0 and Var(mj;) = 1, and the diagonal entries mj; are iid real
variables, independent of the upper-triangular entries, with E(m;;) = 0 and
bounded variance. Also Vk > 2,Vi, j, the k" moment of mj; is existed.

Particular special cases

Particular special cases of interest include the Gaussian Orthogonal
Ensemble (GOE), the symmetric random sign matrices (aka symmetric
Bernoulli ensemble), and the Gaussian Unitary Ensemble (GUE)
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Wigner's Semicircle Law

@ We can generate T matrices from GOE(or GUE, GSE), collect the N
(real) eigenvalues for each of them, and then produce a normalized
histogram of the full set of N x T eigenvalues.We can get a plot for T
= 50000 and N = 8 below.
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Figure 1.1: Histograms of GOE, GUE and GSE eigenvalues (N = 8 and 7 = 50000 samples).
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Wigner's Semicircle Law

@ Now we can generate T N x N matrices whose upper triangle entries
are independently and sampled from standard normal distribution,
then produce a normalized histogram of the full set of N x T
eigenvalues.We can get a plot for T = 500 and N = 200 below.
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Wigner's Semicircle Law

Jpdf of eigenvalues of Gaussian matrices

The jpdf of eigenvalues of a N x N Gaussian matrix is given by
1
le)"'axN :_e 221—11 X_Xkﬁ
( )= 7o TT by —
Jj<k
where
r(1+.,8/2)
Z 2 N/2

™) H T(1+3/2)
is a normalization constant, enforcing [ f(x1, . .., Xxn) HJN ;dx; =1, and
B =1,2,4is called the Dyson index, which is responding to the GOE,
GUE and GSE respectively. Note that the eigenvalues are considered to be
unordered here.

v
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Wigner's Semicircle Law

normalised matrix ﬁ M,

Given a n x n Hermitian matrix M,,, why we use % to normalise it?

Solution

We prove that the eigenvalues of M, are typically of size O(y/n). Let
Xn = %, consider that

| \

n
1 1
Z)"?(X”) = Tr X3, = ;TrM,z, = ;Zm,zj
i=1 i, j

- m2—n?E(m? —
use the SLLN, we have M — 0 ,thus A\? ~ IE(m,zj) ~ 1.

A\
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Wigner's Semicircle Law

Comprehension of empirical spectral distribution

Given any n x n Hermitian matrix M,,, we can form the (normalised)
empirical spectral distribution (or ESD for short)

n

1

M/ = 5 D O
i=1

Probability Measure

S|

We can see that ), , 7 is a probability measure by notice that
tim,/n(R) = 1. Also for each set A € B(R), jup,/,/m(A) is equal to the
rate of eigenvalues in A (we only need to consider on R since the
eigenvalues of a hermitian matrix are real).
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Wigner's Semicircle Law

Wigner's Semicircle Law

Let o : B(R )—>[01]A»—>fA —<dx, then o € PHR).
we want to prove that a sequence of random ESDs M%Mn converge

almost surely to o.
i.e. V test function f€ C.(R), the quantities [, fduy,, /. /» converge
almost surely to [, fdo.

Analysis

Weierstrass's theorem tells us that any continuous function on a compact
interval can be uniformly approximated by polynomials. Thus we only
discuss about the quantities fok d,u,v,"/\/; converge almost surely to

Jo Xk do, Yk € N,
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Wigner's Semicircle Law

Since

P K
/Xkd/‘M/f /Xk 25,\(xn (dx) = Z A T

n

and we can derive that

ifk =2 1
-—/xkdg—/zw“‘xzdx— Ol'l N
Wis | xdo = [ X dx= _<n’j) k= om

m+1

First we try to prove
Tr XK

E — Vk-
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's Semicircle Law

Trxk 1 MK
E—"n — ZRTy 20
n n V/n

n
— n_(g'l'l)EZ Z My Miyj oo M

i=1 sequences of length k

k
_ o (5+1 E
=n (2 )E Mi j, Miyjs -« . M jy

sequences of length k

= n_(gﬂ)E Tr(l\/lﬁ)

Let's check each term in the sum.
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Wigner's Semicircle Law

proof.

We can view each term in the sum as a sequence whose length is 2m.
Since we don’t want the mean of a term equal to zero, we only need to
consider a path where each edge gets traversed at least twice. Then there
will be [’E‘] edges at most. We can prove that a connected graph with [é]
edges can only have no more than [li(] + 1 vertices. Furthermore, a

connected graph must be a tree if it has [é—‘] edges and [’E‘] + 1 vertices.

v
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Wigner's Semicircle Law

If kis odd, we assume k= 2m + 1. Then there at most m + 1 vertices in
the graph
1 n f( n—00 0
s <m + 1> )

, where f{m) represents the mean of edges after fixed vertices.
If kis even, we assume k = 2m.

If the vertices in the graph are less than m + 1, we assume there are
t(< m) different vertices in the graph, then the term will equal to

1 n 1 n—oo
nm+1 <t> f(t)~ 0 (nm+1t> »0

, where f{t) represents the mean of edges after fixed vertices.
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Wigner's Semicircle Law

proof.

Now we only need to consider the graph that has m edges and m+1
vertices exactly. For any ordered sequence (i.e. we have fixed the number
of vertices also the visiting sequence). We reordered this sequence as
1,2,...,m+ 1 we can let an

1 , if jth step vist a new vertex

X:je{l,2....2m}
Jed J { —1 , otherwise

let S(j) = J,::l X(7), then we get a simple random walk in 1 dimension.
We can easy to find that S(j) > 0, V). Furthermore, we can make a
bijective map called F from all these types of paths to (X(1),...,X(2m))
by definition.
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Wigner's Semicircle Law

proof.

We prove F is bijective first.

To begin with, we prove that we can form a path from any given sequence
satisfy X(i) = £1, S(/) > 0 with a length of 2m. Let T={1,2...,m+1},
T1 = T and A will be a sequence with length 2m to record the vertices
traversed by. For all i€ {1,2...,2m}, if X(/) =1, let A(/)) = min T;,

Tiv1 = T;\ {A(i)}.Otherwise we find j satisfy that A(j) = A(/i— 1) and
X(j) =1, then let A(i) = A(j— 1). We can get a path from the sequence A
(A(i) represents the vertex after i steps).

On the one hand, for each sequence in (X(1),...,X(2m)) we can find a
path to be mapped to, thus F is surjective.
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Wigner's Semicircle Law

proof.

On the other hand, if we have two paths named A, B(A(/) and B(/)
represents the vertex after i steps), but F(A) = F(B). We assume i is the
first index such that A(/) # B(/). By definition, X(i) # 1, since the order
of the sequence is fixed, thus X(/) = —1. However the graph is a tree,
there will be only one path from the beginning to A(i— 1) = B(i — 1),
then the edge connects from A(i— 1) = B(i — 1) and only traversed once
is determined. Other edges connected from A(i— 1) have been traversed
twice or never. So we can derive that A(i) = B(i), thus F is injective.

As a result, F is bijective.
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Wigner's Semicircle Law

proof.

Now the problem is change to a problem of random walk.

2m — 2 2m —
#{S(i) > OVi € {1,2,...,2m}, S(0) = S(2m) = 0} = < i ) - ( ]
m—1 m—3
1 2m
C m+1\m
Thus
_(k
n (2+1)]E Z Mi j, Miyjz - .« My
sequence of length k
1 n 1 2m 1
S 1)! o(-
pm+1 <m+1>(m+ ) m—{—l(m) + (n)
1 <2m>
—— as n — o0
m+1\ m
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Wigner's Semicircle Law

proof.

Tr Xk

K k : ;
Next we consider the differ of ' X2 and EX'%2. We first consider Var2n
n n n

Tr XX 1
r—0 — WZEY;YJ-—EY,EYJ

Va
where Y] represents a sequence with length k. we named the set of vertex
of Y;,Yjas I, J. Now we consider how many paths such that
EY;Y;—EYEY; #0.
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Wigner's Semicircle Law

proof.

Now we consider how many different vertices in /U J. SinceY;, Y; include
2k steps, if there is an edge has been traversed only once, then
EY;Y;=EY/EY; = 0. Thus each edge has been traversed at least twice.
As a result, there are k edges at most.

If #{/U J} > k+ 2, then the graph is not connected, but Y}, Y; are
connected respectively, so they are two independent paths. Then

EY;Y; —EYEY; = 0.

If #{/UJ} = k+1, then the graph is a tree. We assume that if there exists
an edge traversed by both Y, Y;. As a result, this edge only traversed in Y;
once, however, Y] is also a tree(since the connected subgraph of a tree is
also a tree), which means it has only one way from the beginning to that
edge and can get back to the beginning, which means that edge must be
traversed twice! Thus Y}, Y; are two independent paths as well.
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Wigner's Semicircle Law

So we can only consider #{/U J} < k, and at this time

Tr Xk 1
o = 2 2L EYiY; ~EYEY,

SENp

~ O()

Var

where f{k) represents the sum of each term after fixed vertices.
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Wigner's Semicircle Law

Tr va a.s.

Finally, we prove that = v,.By B-C lemma we have

n

Tr X;(V a.s.
o

Tr Xk
@P(‘ rnN—’yk

<:ZP( TrXﬁ,

> € i.o.)zO Ve >0

— Yk

>€><OO
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Wigner's Semicircle Law

Infact, by Markov Inequality

Tr Xk
("2 -
< ZP TrXﬁ, IE:TrX;‘V
o n n
4 Tr Xk
<-N"v Nyt ¢
< 622 ar( )+

n
4 1
~e2gpte

Tr XK
>e/2> HP’(']E rnN_w

> e/2>

< 00

O

v
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Marcenko-Pastur Law
Wishart Matrix

Introduction

Let (p(n))n>1 be a sequence of positive integers such that

lim @ = « > 1. Consider the np(n) matrix X,, whose entries are i.i.d. of
n—o0
mean 0 and variance 1, and with the kth moment bounded by some

rx < oo not depending on n.

As before, we will actually study the normalized matrix Yn := % The
Marcenko-Pastur law is concerned with the distribution of the singular
values of Y}, which by definition are the eigenvalues of the n x n Wishart
matrix Wn = Y, Y] € R™"

As with the semicircle law, the limiting behaviour of these eigenvalues can
be understood by considering the empirical spectral distribution w, of a
Wishart matrix W, as n — oo.
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Marcenko-Pastur Law

Empirical Spectral Distribution

Given any n x n Wishart matrix W,,, we can form the empirical spectral

distribution
1 n
= - E O
ww, e ‘s Ai

where A; are the eigenvalues of the Wishart matrix.
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Marcenko-Pastur Law

Marcenko-Pastur Law

Let o : B(R) — [0,1] A [, Y —— (s 229 (A ]1,\ <x<x,dx, where

~ 2mx
Ay = (L+ /@)%, M- = (1 —/a)?, then o € PHR).
we want to prove that a sequence of random ESDs py, converge almost
surely to o.

In oder to discuss the method of moment we only prove

1
“ETr Wk — / xdo
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Marcenko-Pastur Law

1 P 1 T\ k
;]E Tr Wn = WE Tr (Xan)
1 T T
= Z E (Xan);l,-z o (X X0)
sequence of length k
1
= > EXijy X Xy Xisjy - - Xiie X

i1 ki Jk

As before, we focus on EX;, ;, Xi,j, Xijo Xiajy - - - Xijo Xij- We can think of
each such term as a connected bipartite graph on the sets of vertices

{i,...,ik} and {j1,...,jk}, where the total number of edges (with
repetitions) is 2k.
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Marcenko-Pastur Law

proof.

Suppose n; and n; denote the number of distinct i vertices and j vertices,
respectively. Since each edge needs to be traversed at least twice, there
are at most k + 1 distinct vertices, so n; 4+ n; < k+ 1.

We notice that if n; + n; < k+ 1, such terms will equal to

1 n n— o0
—_— k) ——
nk+1 (n,- 4= nj) iy Y

where f{k) represents different kinds of bipartite graphs after fixed vertices.
If nj+ n; = k+ 1 there are k unique edges and the resulting graph is a tree.
Such terms will become the dominant ones in the sum in the limit n — oo. |

Yixiao Wang Random Matrices: Theory and Practice April 2023 34 /41



Marcenko-Pastur Law

proof.

Now we focus on nj+ nj = k+ 1.

Notice that there are n(n—1)...(n—ni+1)p(p—1)...(p—nj+1)
corresponding choices for i and j. Because p ~ na for large n and we are
in the case n; 4 n; = k+ 1, the number of choices is asymptotically equal
to n*tlaf.

Let Bk represents the number of type sequence of length 2k with weight

after dividing by n**1.

Bk = Z aV

type sequence of length 2k

Thus we can decuce

1ETrWﬁ:ﬂk
n
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Marcenko-Pastur Law

proof.

The goal is to establish a recurrence relation between the [ in order to
compute the general term.

We assume that we first go back to the beginning after the 2j steps. Then
each edge that is traversed in first 2/ steps will be traversed twice, since
this bipartite graph is also a tree. Thus if we delete the first step and the
2jth step, we will have a sequence with length 2(j — 1). This sequence
represents the number of type sequences of length 2(j — 1) with weight,
which begin from {1,2..., p}. We named it 7j_;. Then we have

K
Bi = Z’Yj—lﬂkﬁ'

Jj=1
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Marcenko-Pastur Law

proof.

Similarly
k
Y=Y Bi-1Vk~j

=1

Also we have v = «, 5o = 1(~0, Borepresents we only chose one points in
{1,...,p},{1,..., n} respectively without walking)
Then we can deduce that

Br = Yk
Thus
k
Be=(a—1)Bicr+ Y _ Bi1Bkj

=1
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Marcenko-Pastur Law

proof.

In particular, if ﬁA(x) =3 o Bixk is the generating function for the Sy,

the previous identity leads to the following equality for 5:
B3 = 1+ xB(x)? + (a - DxB()

For convenience, we only see what happens when o = 1, by
Taylor-Expansion

B(x) = 1+ xB(x)
S = \2(_74)(

B = ;(_1)(£i13)!(_4)k+1 =T <2kk>

D)
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Examples and Solutions

Yau 2021 Problem 4

Let X" = Xj; be an n x n random matrix whose entries are independent
and identically distributed random variables with the symmetric Bernoulli
distribution P{X = 0} = P{X = 1} = . Let p, = P{det(X") is odd}.
Show that n||_>ngo pn > 0.
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Examples and Solutions

Yau 2016 Problem 2

Let X be a N x N random matrix with i.i.d. random entries, and
P(X11 = 1) = P(Xq3 = —1) = 1/2 Define

”XHop = sup |’XV|’2
veCl:||V]|,=1

Please show that for any fixed § > 0,

. 1/246Y _
Nll_r;nooP(“XHop Z N ) — O

Hint: [1X||2, < Tr[X]?
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The End
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